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We analyze the quantum-state purity of heralded single photons produced from frequency-anti-
correlated biphotons. We find that the quantum-state purity in time-frequency domain depends
strongly on the response time uncertainty of the trigger-photon detector that heralds the generation
of its paired photon. If the trigger response time is much shorter than the two-photon coherence
time, the time-frequency quantum-state purity of heralded single photons approaches unity and the
heralded single photon is in a nearly pure state. If the trigger response time is much longer than
the two-photon coherence time, the heralded photon is then projected onto a mixed state. Making
use of the time-frequency entanglement, heralded single photons with a well-defined temporal wave
function or a frequency superposition state can be produced and engineered. This time-frequency
entanglement allows for shaping heralded single photons through nonlocal spectral modulation.
PACS numbers: 03.67.Bg, 42.50.Dv, 42.65.Lm
Correlated photon pairs can be used to generate her-
alded single photons: the detection of one photon her-
alds the presence of the remaining one and projects it
onto a single-photon Fock state. Spontaneous paramet-
ric down conversion (SPDC, χ(2) nonlinear process) [1, 2]
and spontaneous four-wave mixing (SFWM, χ(3) nonlin-
ear process) [3, 4] have been two standard methods for
producing paired photons. As driven by continuous-wave
(CW) pump laser fields, the photon pairs generated from
these parametric processes are time-frequency entangled
because of the energy conservation raised from the time-
translation symmetry, i.e., the sum of the frequencies
of paired two photons is fixed while individual photons
have their bandwidths. It has been commonly believed
that, this frequency anti-correlation would project the
heralded single photon into a mixture of frequency modes
in its bandwidth [5, 7], and spectral filtering to obtain an
approximate pure single-photon state results in a dramat-
ically reduced photon rate by discarding photons outside
of the filter frequency mode [8, 9]. A complete different
approach to obtain a heralded pure single-photon state
is thus eliminating the entanglement and generating pho-
ton pairs with factorable (frequency-uncorrelated) joint
spectrum driven by pulsed lasers [5–7, 10–15].
For frequency-anti-correlated biphotons, the heralding
detection is commonly modeled as tracing over the trig-
ger photon and thus reduces the heralded photon into a
mixed state [6]. In this Letter, we point out that an
ideal heralding process with an instantaneous trigger-
photon detection projects the remaining frequency-anti-
correlated photon onto a pure quantum state, which is a
superposition state of its frequency components. When
the trigger photon detection has a finite response time,
it degrades the purity of the single photons. We analyze
the quantum-state purity of heralded single photons pro-
duced from frequency-anti-correlated biphotons. If the
trigger response time is much longer than the two-photon
coherence time, the heralded photon is projected onto a
mixed state, as well known for decades. If the trigger
response time is much shorter than the two-photon co-
herence time, we find that, the time-frequency quantum-
state purity of heralded single photons approaches nearly
unity without any need of spectral filtering.
Let’s start with the biphoton state (in time-frequency
space) of a frequency anti-correlated photon pair
|Ψ12〉 =
∫
dΩΦ(Ω)aˆ†2(ω20 − Ω)aˆ†1(ω10 +Ω)|0〉, (1)
where |0〉 is the vacuum state, ω10 and ω20 are the central
angular frequencies of photons 1 and 2. aˆ†1 and aˆ
†
2 are the
field creation operators. Φ(Ω) is the two-photon joined
spectrum function. The frequency entanglement of the
biphoton state is a result of the energy conservation ω1+
ω2 = ω10 + ω20. The field operators in time domain can
be expressed as:
aˆi(t) =
1√
2pi
∫
dωaˆi(ω)e
−iωt. (2)
The field operators satisfy the commutation relations
[aˆi(ω), aˆ
†
j(ω
′)] = δijδ(ω−ω′) and [aˆi(t), aˆ†j(t′)] = δijδ(t−
t′). In the state described in Eq. (1), the two photons
are perfectly paired. It can be shown that the photon
pair generation rate R and the individual single-photon
rates Ri are equal and time invariant:
R = Ri = 〈Ψ12|aˆ†i (t)aˆi(t)|Ψ12〉 =
1
2pi
∫
dΩ|Φ(Ω)|2,(3)
because the system is driven by CW pump fields and has
the time-translation symmetry.
Detection of the photon 2 at time t2 reduces the two-
photon state in Eq. (1) to the folowing state:
|Ψ1〉2 = 1√
R
aˆ2(t2)|Ψ12〉, (4)
2which is the heralded single-photon state with the nor-
malization factor 1/
√
R. To prove this is a pure quantum
state, we look at its density operator
ρˆ1|2 = |Ψ1〉22〈Ψ1|. (5)
It is obvious that
ρˆ21|2 = ρˆ1|2, (6)
which shows the heralded single-photon state in Eq. (4) is
indeed a pure quantum state. Therefore, we have proved
that in the ideal heralding process described above, where
the detection of the trigger photon 2 has an infinitely
short response time and there is no time uncertainty in
the heralding process, the projected single photon is in a
pure state.
Now we turn to the real situation where the the trigger-
photon detector has a finite response time ∆t: one does
not know the exact time origin of the heralded single
photon during this response time window. In this case,
the density operator can be expressed as
ˆ¯ρ1|2 =
1
∆t
∫ ∆t/2
−∆t/2
dt2|Ψ1〉22〈Ψ1| (7)
=
1
R∆t
∫ ∆t/2
−∆t/2
dt2aˆ2(t2)|Ψ12〉〈Ψ12|aˆ†2(t2).
Making use of Eq. (2), the density operator can be
rewritten as
ˆ¯ρ1|2 =
1
2piR
∫
dω2dω
′
2sinc
[(ω2 − ω′2)∆t
2
]
(8)
×aˆ2(ω2)|Ψ12〉〈Ψ12|aˆ†2(ω′2).
We then get the density matrix element in the frequency
domain
ρ¯1|2(ω1, ω′1) = 〈0|aˆ1(ω1)ˆ¯ρ1|2aˆ†1(ω′1)|0〉
=
1
2piR
sinc
[ (ω1 − ω′1)∆t
2
]
Φ(ω1 − ω10)Φ∗(ω′1 − ω10).(9)
The quantum-state purity of the heralded single photons
can be computed from γ = Tr(ˆ¯ρ21|2) [6, 16]. With the
frequency-entangled biphoton state in Eq. (1), we obtain
the purity of its heralded single-photon state
γ =
1
(2piR)2
∫
dΩdΩ′sinc2
[ (Ω− Ω′)∆t
2
]
×|Φ(Ω)Φ(Ω′)|2 (10)
Obviously, as the trigger-photon detection is instanta-
neously fast (∆t → 0), the density operator is reduced
to that of a pure state ˆ¯ρ1|2 → ρˆ1|2(t2 = 0) and we have
an unity purity (γ = 1). This is consistent with our pre-
viously described ideal heralding process that projects
the remaining photon onto a pure quantum state. As
the trigger-photon detector is ultraly slow (∆t → ∞),
sinc
[ (ω1−ω′1)∆t
2
] → 2piδ(ω1 − ω′1)/∆t, all non-diagonal
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FIG. 1. (color online). Quantum-state purity γ as a function
of BW×∆t, the product of biphoton bandwidth (BW) and the
trigger-photon detection response time (∆t). The solid (red)
curve is calculated from the rectangular-shape spectrum, and
the dotted (blue) curve from the Gaussian-shape spectrum
with BW as the full width at half maximum.
density matrix elements in Eq. (9) vanishes and the her-
alded single photon is in a completely mixed state.
For the case with a finite ∆t, the quantum-state pu-
rity is characterized by Eq. (10). As the trigger-photon
detection response time is much shorter than the two-
photon coherence time (inverse of the bandwidth of the
joint spectrum) such that (Ω − Ω′)∆t ≪ 1 holds within
the bandwidth, we have γ ∼ 1 and the heralded photon
is in a nearly pure state. To show how the purity of the
heralded single photon state is affected by the finite ∆t,
we consider two examples in the following.
Case 1 with a rectangular-shape spectrum. In the first,
we consider transform-limited biphotons with maximum
frequency entanglement within their angular-frequency
bandwidth of 2piBW . In this case, the joint spectrum
function Φ(Ω) =
√
R/BW is nonzero only within the
bandwidth Ω ∈ [−piBW, piBW ]. The solid curve in Fig.
1 shows the numerical result of the purity as a function
of the trigger response time. At BW∆t ≤ 0.1, the pu-
rity γ ≥ 0.99. The purity decreases as we increase the
response time, but not very badly. As the response time
approaches the two-photon coherence time (BW∆t = 1),
the purity is still as high as 0.66. As we further increase
the response time to make BW∆t = 10, the purity drops
down to 0.09.
Case 2 with a Gaussian-shape spectrum. In this case,
the joint spectrum function can be expressed as Φ(Ω) =
3√
4R
√
pi ln 2
2piBW e
−2 ln 2(Ω/2piBW )2 , where BW is the full width
at half maximum of |Φ(Ω)|2. The numerical result of
the purity as a function of the trigger response time is
plotted as the dotted curve in Fig. 1, which is comparable
to that of Case 1 with a rectangular-shape spectrum. At
BW∆t = 0.1, the purity γ = 0.99. At BW∆t = 1, the
purity becomes 0.52. The purity drops down to 0.07 as we
further increase the response time to make BW∆t = 10.
In both cases, the quantum-state purity γ > 0.98 at
BW∆t = 0.1, and holds well above 0.90 forBW∆t < 0.3.
We can treat such heralded photon as a pure single-
photon state. For biphotons generated from SPDC or
SFWM in solid-state materials without spectral filtering
or cavity enhancement, their bandwidths are normally
much wider than THz. As a result, it is impossible
to heralding pure single photons from such frequency-
entangled photon pair source using a commercially avail-
able single-photon detector with a typical time resolu-
tion of about 1 ns. Even the state-of-art single-photon
detector with an ultra-high time resolution of about 20
ps is not fast enough. Therefore, disentangling the pho-
ton pairs into a factorable joint spectrum by shaping the
pump field temporal modes has been considered as the
only achievable method to produce heralded pure single-
photon states from these wide-band sources without spec-
tral filtering. This situation has been changed recently
with the development of narrowband biphotons genera-
tion from SFWM in cold atoms [4, 17–20] and cavity-
enhanced SPDC [21, 22]. These biphotons, having band-
widths ranging from below 100 MHz down to sub-MHz
and coherence time from 10 ns up to more than 1 µs, are
ideal for generating heralded pure single-photon states
using commercial detectors.
As the time origin is setted by the detection of the
trigger photon (t2 = 0), the heralded photon has a well-
defined temporal wave function. To illustrate this, we
work at BW∆t ≤ 1 and thus it can be treated as an
ideal heralding process. From Eq. (4), we obtain the
temporal wave function of the heralded single photon:
ψ1|2(τ) = 〈0|aˆ1(τ)|Ψ1〉2|t2=0
=
1
2pi
√
R
∫
dΩΦ(Ω)e−i(ω10+Ω)τ
= ψ0(τ)e
−iω10τ , (11)
where ψ0(τ) =
1
2pi
√
R
∫
dΩΦ(Ω)e−iΩτ is the Fourier trans-
form of the two-photon joint spectrum function. Equa-
tion (11) also clearly demonstrates that the quantum
state of the heralded single photon is a coherent superpo-
sition of the frequency components in its spectrum, but
not a mixed state as commonly believed. The time ori-
gin setted by the trigger photon allows for shaping the
heralded single photons with an electro-optic modulator
[23]. The recent experiments of single photons coherently
interacting with atoms [24–26] and cavities [27, 28] have
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FIG. 2. (color online). Nonlocal modulation. A spectrum
modulatorM2(ω2) is placed on the path of the trigger photon
2 to nonlocaly shape the heralded photon 1.
strongly evidenced that these heralded narrowband sin-
gle photons indeed have coherent wave packets, but their
quantum-state purities have never been formally and the-
oritically justified.
Following Eqs. (4) and (11), we can produce many
interesting heralded single-photon states by engineering
the biphoton joint spectrum and frequency entangle-
ment. For example, from a frequency-bin entangled two-
photon state |ω10 + δ〉|ω20〉 + eiθ|ω10〉|ω20 + δ〉, one can
generate a heralded single-photon two-color qubit state
|ω20〉+eiθ|ω20+δ〉. This will certainly find important ap-
plications in quantum information processing and quan-
tum communication.
As compared to the heralded photons generated
from an frequency-uncorrelated source, heralding single
photons from the frequency-entangled (anti-correlated)
biphotons has two unique features and advantages. The
first is that we can reverse the relative time by switching
the trigger photon. In the above discussion, we take pho-
ton 2 as the trigger photon and obtain the heralded pho-
ton 1 with a temporal waveform ψ1|2(τ) = ψ0(τ)e−iω10τ
given in Eq. (11). Now let’s switch the trigger detec-
tion to photon 1 to heralding the presence of photon 2.
We obtain the temporal wave function of the heralded
photon 2 as ψ2|1(τ) = ψ0(−τ)e−iω20τ , whose amplitude
envelope is the time-reversal of the heralded photon 1.
This time reversal feature, resulting directly from the fre-
quency anti-correlation, have an important application.
For example, when generated from an atomic multi-level
system, the biphoton correlation can exhibit exponential
decay waveforms because of the nature of spontaneous
emission [20]. Depending on which photon is detected as
the trigger, we can generated heralded photons with an
exponential growth or decay waveform that are particu-
larly useful for loaded them into a cavity or interacting
them with atoms [26, 27]. The second interesting fea-
ture is the nonlocal spectrum modulation [29–31], which
allows for shaping the heralded photon by placing a spec-
trum modulator M2(ω2) on the trigger photon path, as
illustrated in Fig. 2. It can be derived that, the temporal
wave function of the heralded photon becomes
ψ1|2(τ) =
1
2pi
√
R
∫
dΩΦ(Ω)M2(ω20 − Ω)e−i(ω10+Ω)τ .
(12)
If the photon 1 experiences any distortion caused by
4the propagation dispersion, it can also be nonlocaly cor-
rected by placing a dispersion compensation element on
the path of the trigger photon 2.
In summary, we demonstrate that the detection of
one photon from a frequency-entangled (frequency-anti-
correlated) two-photon state, as the time origin es-
tablished by the trigger photon detection has uncer-
tainty much shorter than the two-photon coherence time,
projects the remaining photon onto a pure single-photon
state. The physics behind such a heralding process can
be pictured as the following: the trigger detection erases
the frequency information of the trigger photon, and as a
result the heralded photon is in a superposition state of
its frequency components. For the first time, we provide a
full theoretical justification on the quantum-state purity
of such heralded photons, while they had been commonly
believed as mixtures of multiple frequency components.
We show that the quantum-state purity depends on the
response time of the trigger-photon detector. A purity of
higher than 0.98 can be achieved as the trigger-detection
response time is shorter than one-tenth of the biphoton
coherence time (inverse of the bandwidth). The purity
becomes significantly degraded as the trigger-detection
response time is longer than the biphoton coherence time.
We also show that such a heralded narrowband single
photon has a well-defined coherent wave packet. The
entanglement raised from the frequency anti-correlation
allows for reversing the relative time by switching the
trigger photon and shaping the heralded single photon
through nonlocal spectral modulation.
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